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Extended abstract:

We present two new approaches for teaching relativity® with Minkowski Spacetime Diagrams?.
Visualizing Proper-Time:?

The first approach uses a new animated visualization of the proper-time elapsed along an observer’s
worldline. By supplementing inertial worldlines with light-clocks, we use the textbook storyline of
the Michelson-Morley experiment® to construct the spacetime paths of light-rays associated with these
light-clocks. These paths mark off intervals of proper-time in units of “ticks”, where each tick is intuitively
visualized as the intersection of the future light-cone of one tick-event with the past light-cone of the next
tick-event. It can be shown that the spacetime volume enclosed by the tick is a Lorentz-invariant quantity.
With the use of radar methods;%7:8:9:10.11 the measurements of spacetime intervals are then reduced to the
“counting of ticks” The resulting space-time diagrams are pedagogically attractive because they emphasize
the relativistic view that “proper-time is what is measured by an observer’s clock.” Although the details of
the visualization require some analytic geometry, the physical ideas used in the construction are motivated
qualitatively for a nontechnical target audience. We use the visualization to demonstrate the Clock Effect
and the Doppler Effect. We conclude this section with an animated visualization for a uniformly-accelerated
worldline.!2

Spacetime Trigonometry:*

The second approach presents a unified formalism for two-dimensional Euclidean space, Galilean
spacetime,”*2 and Minkowski spacetime rooted in the geometrical studies of Arthur Cayley and Felix Klein.1*
Inspired by Yaglom!® and Taylor and Wheeler,'® we use familiar techniques from the analytic geometry and
trigonometry of Euclidean space to develop the corresponding analogues for Galilean and Minkowski space-
times and immediately provide them with physical interpretations. Upon defining a“unit circle” for each of
the three geometries, we obtain line-elements that we write in a unified way as

ds? = dt? — dy?,

where € is an indeterminate quantity whose square [called the “indicator”] is —1, 0, or 1, correspond-
ing to the Euclidean, [degenerate-] Galilean, or Minkowskian case. Physically, we define the indicator by
e = (clight/csignal’max)Q, where Csignal,mae = 00 for the Galilean case, and cgignal,maz = Ciight for the
Minkowskian case. The notion of “orthogonality” is determined by tangents to the “circle”. From there,
the notions of “angle”, “circular functions”, and related constructions [including tensor visualization!!:17:18]
are developed. A feature of this unified formalism is the use of the indicator to clarify the analogies among
the three geometries, especially the Galilean limits of Minkowskian results. In passing, we will also mention
some connections with Euclid’s Postulates and with hypercomplex number systems.*® Although many of the
facts presented here are known, they are scattered throughout the physics and mathematics literature, often
with little reference to a common framework that is useful for the teaching of relativity. With this approach,
we envision portions of a physics curriculum in which a student sequentially learns:

e Euclidean geometry and trigonometry, possibly with vector algebra;

e Galilean kinematics with the usual distance-vs-time plots (Galilean spacetime diagrams!),
with at least some aspects of the underlying Galilean spacetime geometry;

e Special-Relativistic kinematics with Minkowski spacetime diagrams,
highlighting geometrical and physical analogies (including the Galilean limits of Relativistic results)
and further developing vector and tensor algebra using visualizations;

e introductory General-Relativistic kinematics using the DeSitter [and possibly Newton-Hooke] space-
times and tensorial methods to further develop the Riemannian [rather than Kleinian] viewpoint to
geometry and modern General Relativity.
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